APPENDIX 2.1 SOME RULES OF MATRIX ALGEBRA

Many texts cover the basic elements of matrix (or linear) algebra
le.g., Campbell 1965; Finkbeiner 1966; Bradley 1975; Searle 1982).
Only a few simple rules for matrix operations are reviewed here.

Addition of two column vectors. The addition of two column vec-
tors is similar to the addition of ordinary numbers. Consider the
two-trait case of equation 2.1, z = a + e, which represents

% a e
i o i 1
Z5 as e,
The vector sum is
Z; _ | a3 + e
Zy a, + €y

orz, =a, +e;andz, = a, + e,.

Addition of two matrices. Matrix addition is a simple extension of
the rule for adding two vectors. Thus, the two-trait case of equation
22,P=G+E,is
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- _ _
Py Pyu|_|Gu+E: Gpit+Ey
Py, Py Gip+ Eipy Gy + Ey

Thus, the phenotypic variance for trait 1 (P,,) is the sum of the
trait’s additive genetic variance (G,,) and its environmental vari-
ance (E,,).

In general, the lower left-hand element in a 2 X 2 matrix would
not be equal to the upper right-hand element and would be denoted
P,,, G,,, or E,,. However, our P-, G- and E-matrices are symmetric,
which means that P, = P,,, P,3 = P;,, etc.

Multiplying a matrix and a column vector. The basic rule to re-
member in multiplying a matrix and a vector or two matrices is
“rows times columns.” For example, consider the two-trait case of
equation 2.4, AZ = G, which represents

a7 | _| Gu Gul|®
Az, G Gy Ba

To evaluate the product G, we first multiply the first row of G by
the column . The product is the first element in the first row of G,
G),, times the first element of §, B, plus the second element of the
first row of G, G,,, times the second element of B, B,. In other
words,

Az =GB + GaBs.
Likewise, the second element of the product Gf is
AZ; =GBy + Gaals.

The rule is easily extended to the many-trait case.

Multiplying two matrices. Again, the rule is “rows times col-
umns,” but now there is more than one column. Consider the
second term in equation 2.11, 3C,,MT, in the two-trait case. Before
we take the product C,,MT, we note that MT is the so-called trans-
pose of the matrix M; the rows of M are the columns of MT. In other
words, if
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then

The product C,,MT is then

Caz“ C¢1212 Mll M21
C0221 Cazzz Ml 2 M22

The upper left-hand element (with subscript 11) of the product is
the first row of C,, times the first column of MT; the upper right-
hand element of the product (subscript 12) is the first row of C,,
times the second column of MT; the lower left-hand element (sub-
script 21) of the product is the second row of C,, times the first row
of MT, and finally, the lower right-hand element (22) of the product
is the second row of C,, times the second row of MT. Our matrix
product is

Coz, My, + Cpz , My, Cozy My, + Coz,Mas
Cﬂllell + CazuMlZ Cu221M21 i Cc1222M22

The symbol } in front of C,,MT in equation 2.11 denotes an ordi-
nary number or scalar. Multiplying the scalar § times the product
C,,MT means that each element in C,,MT is to be multiplied by .
Thus,

— —_—

1 1 1 1

i’ Caz”Mll * z CazleIZ j Caz“MZI + ECHZIZMZZ
e T =
5CaM

1 1 1 1

j CGZZIMll Tt z CazzleZ z C022,M21 + EC(IZZZMZZJ

Matrix multiplication is unlike ordinary or scalar multiplica-
tion in that the order of multiplication matters. Notice that C,MT
# MTC,,!



